|,y)-Σ a n (χ)bΛy)
where we have assumed that the singular functions are orthonormalized and then used the fact that [3] , [9] In the special case when a = 0, b = TΓ, the α n , say, are the appropriate normalized trigonometric functions, and the b n then are the resulting 
=N + ) \μ n I n = \ JO
In fact, using ParsevaΓs relation, the right-hand side of the inequality can be further rewritten as
(J 4) Σ Gf)^ Σ
This last expression shows how convergence exponents for the trigonometric Fourier coefficients of one-variable functions satisfying various smoothness assumptions can be used to generate growth estimates for the singular values associated with two-variable kernels having comparable smoothness with respect to one of the two variables. These estimates, moreover, are sharp since for difference kernels the singular values and the related Fourier coefficients are essentially reciprocals.
In the next section of this paper we set down the requisite mathematical details needed for our investigation. Subsequently, in §3, we discuss the spectral-theoretic results associated with the various kernel smoothness conditions of interest. 
where 
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The last equality follows from interchange of the order of integration and utilization of the periodicity properties of K(x, y).
Property 4. If a kernel belongs both to Lip (α, p) and to Lip (β, q) with p < q, then it belongs to Lip (γ, r) for all p ^ r ^ q, where 
K(y,x)φ(y)dy.
There are at most countably many of these, and they are customarily ordered (indexed) according to increasing size. The associated singular functions given by (3.1) can be chosen to be orthonormal amongst themselves as well as biorthogonal with respect to the kernel K. It then follows that n = \ where the series on the right-hand side of this expression is mean convergent. Moreover, the relationship (1.3) is valid.
The convergence of Σ(llμ n ) y for exponents γ smaller than 2 can only be established under additional restrictions on the kernel K(JC, y). A singular conclusion of the kind we seek was in effect contained in a little-known paper of Smithies [8] . Before stating the result we make the basic assumptions that the square-integrable kernel K(x, y) is such that the K {r \x, y),0^r^5-l, are absolutely continuous in x, a.e. in y, for some positive (nonnegative) integer s, and K (5) 
P>2
When 5=0, £/ιe additional proviso a + 1/2 > 1/p may be needed since Actually Smithies only was interested in the case l<p^2. The extension to p > 2 follows readily using Property 1.
For the proof of this theorem we essentially need only make use of a classical result of Szasz [10], [11] , generalized to higher-order derivatives, and employ (1.4). Special attention may have to be given to the end-points of the interval, however, and the behavior of K ir) appropriately modified there. Fortunately, this can be accomplished by adding toK a degenerate kernel of the form (1.1), and, importantly, such a degenerate perturbation leaves unchanged the dominant asymptotic growth estimate for the singular values (Fan [5] ).
It is worth mentioning that, in view of Property 3, the above theorem is more general than a result of Chang [2] . Moreover, the special case s = 0 contains the analogue of the well-known theorem of Bernstein (see Bary [1 In view of the Weyl-Chang inequalities (see Cochran [3] , pp. 243-245, for example) all of the above theorems extend the known results concerning the growth behavior of the characteristic values of "smooth" kernels and settle an earlier conjecture of the author ( [3] , p. 266).
